Introduction
Let U be a smooth quasi-projective variety over C and let f be a regular function on U. Let D U be the sheaf of algebraic di erential operators on U and let M be a regular holonomic D U -module: here, regular means that there exists some smooth compacti cation X of U and some extension of M as a D X -module which is regular holonomic on X (one also may avoid the use of a smooth compacti cation to de ne regularity, (it is now usual to consider that the term corresponding to dim U is in degree 0, but it will not matter here and we shall not shift this complex). We shall give a formula for the hypercohomology of DR(M f ), i.e. the cohomology of the complex
R?(U;DR(M f )). If U is a ne, this is the cohomology of the complex DR(M f (U))
of global sections over U. This result was conjectured in 1] in a particular case, where U is the complement of an arrangement of hyperplanes in general position in C`and M is a rank one locally free O U -module.
In fact, the global comparison theorem we give is essentially equivalent to the one given in 8] (see also 15] 
and 22]).
We shall use this result to obtain vanishing theorems of the type given in 1] under weaker assumptions on the arrangement or on the regular function.
We also prove a local version of the comparison theorem (see x0 for all the following unde ned notations): in the algebraic case for instance, if X is a compacti cation of U on which f extends as a function F : X ! P 1 , and if denotes the inclusion U , ! X, we shall give a topological formula to compute the analytic (hence algebraic by GAGA) de Rham complex of the D X -module + M f .
We deduce from this result that the irregularity complex of M f (see 18]), which is the cone of The results proved in this article are more or less known to specialists, but do not seem to exist with enough generality in the literature.
We shall assume that the reader is familiar with the theories of algebraic D- complex with constructible cohomology on U an (for instance it can be a local system on U). Let be the family of closed sets of U an on which e ?f is rapidly decreasing (a more precise de nition will be given later). induces then an isomorphism for t 2 H and so the LHS is also isomorphic to the relative hypercohomology group H k (U an ; f ?1 (t); DR an (M)) for a general ber f ?1 (t). With this formulation, the result is proved in 8], 15] and 22] when U = C`, but the proof extends easily to the general case. We shall give below another proof (in the style of 15]) which can be adapted to prove also the local comparison theorem 5.1.
In particular we obtain an equality of Euler characteristics (see x0.8):
Corollary 1.2. | Assume M is smooth of rank r on U and that U is a ne.
where t is a generic value for f. 2
Proof of theorem 1.1. | We shall shea fy the formulation of the theorem. This will be useful for the local comparison theorem 5.1. In fact we shall reduce the global comparison theorem to a local one in dimension 1.
Let : e P 1 ! P 1 be the oriented real blow-up of P 1 at in nity. This is the space of polar coordinates at in nity, which is di eomorphic to the disc, and ?1 (1) = S 1 is the circle of directions at 1. We shall write e P 1 = C S 1 . One has e P 1 ? f0g ' R + S 1 and is given by 1=t = e i .
Let X be a compacti cation of U such that f extends as a projective map F : X ! P 1 . One can extend F to e F : f X ! e P 1 , where f X is the ber product X P 1 e P 1 . It is a real semi-algebraic space and e for any bounded complex N on C with regular holonomic cohomology (we shall apply this to f + M).
We shall prove this equality at the sheaf level. In order to do this, we must realize the LHS as the hypercohomology of a complex of sheaves on e P 
The case of isolated singularities
Consider now the following general situation: let S be a complex analytic space of pure dimension`equipped with a complex analytic Whitney strati cation S. Let g : S ! C be a holomorphic function. One says (see 12]) that g has only isolated singularities on (S; S) if the restriction of g to each stratum S has only isolated critical points (in the usual sense, since S is smooth). Such points are the critical points of g with respect to S. Proposition 2.1. | Let g has isolated singularities on (S; S) and let F be any perverse complex on S which is constructible with respect to S. Let c 2 C and let g?c F be the complex of vanishing cycles of F along the ber g ?1 (c) (see x0.9). Then the perverse complex g?c F is supported on the critical points of g on the ber g ?1 (c) and the cohomology of this complex is nonzero only in degree ?1 at most.
Proof. | Let x 2 S and assume that x is not a critical point of g jS . Then locally around x the map g : (S; S) ! C is homeomorphic to the projection of the product (g ?1 (g(x)); S jg ?1 (g(x)) ) C to C. This proves that any complex F constructible with respect to S has no vanishing cycles at x. For any such F and any c 2 C the complex of vanishing cycles g?c F is then supported on the isolated critical points of g on g ?1 (c Then these functors commute with the proper direct image RF and also with the perverse cohomology ( 7] ). Hence we have p ?c p R m f P = p ?c p R m F (R P) = p R m F ( p F?c R P): By the previous proposition p F?c R P is a perverse sheaf supported on points and its direct image has perverse cohomology in degree 0 only. Thus p R m f P has no vanishing cycle at any c 2 C for m < 0, so is a local system on C, i.e. a constant sheaf, up to a shift by 1.
Because a constant sheaf has no nonzero relative hypercohomology, we see by an easy induction that H k (U; f ?1 (t); P) = H k (C; ftg; F) where F is the perverse sheaf p R 0 f P. The result follows now from Lemma 2.3. | Let F be any perverse sheaf on C. Then for t general enough (i.e. not in the singular set of F), we have H k (C; ftg; F) = 0 for k 6 = 0. Remark. | The assumption in 3.1 that X is smooth was made only to simplify the argument. In fact, if X is a projective compacti cation of U and i : X , ! P N is some embedding, then one can de ne the functors (i j) y and (i j) + . The condition that (i j) y M ! (i j) + M is an isomorphism is independent of the choice of the embedding and, because M is regular, is equivalent to the fact that j ! DR an (M) ! Rj DR an (M) is a quasi-isomorphism. As above, there exists such a if and only if the arrangement does not come from a lower dimensional arrangement. In practice it will be enough to satisfy the second part of (H 0 ) for a nite set of . If the component intersects the inverse image of V , the computation is the same as the one in 11] and the rst part of (H 0 ) implies that the monodromy is not equal to 1.
Applications to arrangements of hyperplanes
If the component lies over A 1 , the monodromy around it can be computed along a curve transverse to it. One can then compute it along the image of this curve in e P`and this is a local problem around a point on the divisor f D. The second part of (H 0 ) implies that the monodromy cannot be 1. 2 
A local comparison theorem
In this section, X denotes a complex analytic manifold and F : X ! C is an analytic function. We are interested in the beahviour near the divisor F ?1 (0), so to compare with the statements in section 1, one has to replace F with 1=F . Let X = X ? F ?1 (0). Now O X and D X will denote the sheaves of analytic functions and analytic di erential operators on X and DR will denote the analytic de Rham functor. For a holonomic D X -module M we shall denote M F ?1 ] the localized module along F ?1 (0) and M F = M F ?1 ] e 1=F . These are known to be holonomic when M is so. We denote : e C ! C the oriented real blowing-up of C at the origin (polar coordinates) and f X the ber product X C e C. We de ne I and f X I as in the proof of theorem 1.1 (e ?1=t should be decreasing in the directions belonging to I). We consider also the inclusions : X ! X, : X , ! f The computation is a local problem, so one can prove it by taking local direct images by F x; , which is the restriction of F to B(x; ) D ( ) . One is then reduced to prove the result in dimension one, and by an easy induction to the case where F is a local system, where the result is easy. 2
